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UNIFORM ASYMPTOTICS FOR JACOBI POLYNOMIALS
WITH VARYING LARGE NEGATIVE PARAMETERS—
A RIEMANN-HILBERT APPROACH

R. WONG AND WENJUN ZHANG

ABSTRACT. An asymptotic expansion is derived for the Jacobi polynomials
PT(LQ"’B")(z) with varying parameters o, = —nA + a and 3, = —nB + b,
where A > 1, B > 1 and a,b are constants. Our expansion is uniformly valid
in the upper half-plane Th = {z : Im z > 0}. A corresponding expansion is
also given for the lower half-plane C~ = {z : Im z < 0}. Our approach is based
on the steepest-descent method for Riemann-Hilbert problems introduced by
Deift and Zhou (1993). The two asymptotic expansions hold, in particular, in
regions containing the curve L, which is the support of the equilibrium measure
associated with these polynomials. Furthermore, it is shown that the zeros of
these polynomials all lie on one side of L, and tend to L as n — oo.

1. INTRODUCTION

The Jacobi polynomials Py(La”B )(z) have the explicit expression

o me= () () G ()

k=0

When a, > —1, these polynomials are orthogonal with respect to the weight
function w(z) = (1—2)%(142)? on the interval (—1,1). In view of its importance in
application, there is a tremendous amount of literature on the asymptotic behavior
of these polynomials as n grows to infinity. For fixed a and f, classical results on
this subject can be found in the definitive book by Szegé [13]; for more recent work,
we refer to [8], [16] and the references given there. Some asymptotic results are now
also available, when o« and 8 depend on n and tend to infinity with n; see, e.g., [1I,
[2] and [9].

Formula (1.1) simply gives a polynomial in z, without any restriction on the
parameters a and . When «, 8 < —1, these polynomials are of course no longer
orthogonal with respect to the weight function w(z) on the interval (—1,1). Interest
seems to be growing in recent years to study the zeros of the polynomials in (1.1),
when « and [ are negative and tend to —co as n — oo; see [0], [II] and [14]. In
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fact, Temme [I4] p. 461] has expressed that new research is needed in this area of
asymptotics. Motivated by the work in [9] and [I1], let us restrict our attention to
the case

(1.2) a=a,=—-An+a and B8=0,=—-Bn-+b,

where A, B and a,b are constants. Furthermore, we shall assume that A > 1 and
B > 1sothat o, < —n, 8, < —n and 2n+a+ 3 < —1 for large n. By the reflection
formula P,(Lo‘ﬁ)(z) = (—1)”P7(Lﬁ’a)(—z), we may also assume that B > A.

The purpose of this paper is to investigate the behavior of the polynomials
pie? (2) in (1.1) and their zeros, when « and (3 are given by (1.2). Our approach is
to use the steepest descent method introduced by Deift and Zhou [5] for Riemann-
Hilbert problems, and further developed in [3] and [4]. The basic idea of this
method is to first use a theorem of Fokas, Its and Kitaev [7], in which the orthogonal
polynomial in concern appears as an entry in the matrix solution to a 2-dimensional
Riemann-Hilbert problem (RHP). Then one applies a sequence of transformations
which ultimately leads to a RHP which can be solved asymptotically in various
parts of the complex plane. Thus, the final result usually consists of a set of
asymptotic expansions, each valid in a different region; cf. [3] and [I0]. In this
paper, we shall present a modification of this method, and construct an asymptotic
expansion for P,(La"’ﬁ ") (z), which holds uniformly in the upper half-plane C* = {z €
C: Im z > 0}, where o, and 3, are given in (1.2). Since the Jacobi polynomials
have real coefficients, a uniform asymptotic expansion in the lower half-plane C~ =
{z € C: Im z < 0} can be obtained by taking complex conjugates. Our analysis
consists of two parts. The first part is essentially to follow the method of Deift
and Zhou, and to come up with a formal (heuristic) derivation of an asymptotic
approximation. The second part is to prove that this asymptotic approximation is
indeed the leading term of a globally uniform asymptotic expansion.

2. ORTHOGONALITY OF JACOBI POLYNOMIALS

Two main ingredients in the Riemann-Hilbert approach are: (i) orthogonality
of the polynomials with respect to an appropriate weight function on a suitable
curve; (ii) asymptotic distribution of the zeros of these polynomials. Both of them
have been established recently for the polynomials under consideration; see [9] and
[I1]. However, for convenience of the reader, we will include in this paper brief
sketches of the arguments used. Since some of the well-known identities (e.g., 3-
term recurrence relation) no longer hold for the polynomials P,(La"’ﬁ ") (z), it is more
efficient to introduce the polynomials {Py(2)}}_, defined by

(2.1) Pi(z) = PPy, k=0,1,2,....n.

Clearly, P, (z) is exactly the Jacobi polynomial of degree n.
Define the weight function

22) w5, 0) = (2 = 1)(z + 1) = e lon(e— D4 10s(s+)
where the logarithmic functions are defined in the cut plane C\(—oo0, —1] U [1, 00)
with arg(0 — 1) = m and arg(0 + 1) = 0, i.e., w(0;, B) = €™, Using the results

for the classical Jacobi polynomials plh )(z), the following identities can be easily
verified.
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(A) Rodrigues’ formula
1 W (2 k + an, k + Bn)
2kl w(z; o, Bn)

where w®) denotes the kth derivative of w.
(B) Differential equation

(2% = 1)P{(2) + [an — Bn + (on + Bn + 2)2] P)(2)
—k(k+ an+ Bn+1)Pr(2) =0, k=12 ..n

(2.3) Pi(z)

, k=1,2,...,n,

(2.4)

(C) Three-term recurrence relation

(25) Pk+1(’z) - (akz + bk)Pk(Z) + CkPk—l(Z) =0, k= 1,2,..,n—1,

where
w = (2k + an + B + 1)(2k + oy + Bn +2)
b= (2k + 2)(k + an + Bn + 1) ’
(2.6) b — (2k + an + Bn + 1) (02 — 52)
(2k +2)(k+ ap + Bn + 1) (2k + o + Bn)’
o = 2(k + o) (k+ Bn)(2k + an + Bn + 2)

(2k 4 2)(k + o + B+ 1)(2k + ap + Bn)”

These formulas will play an important role in our later discussion.
Let T be a generic smooth curve in the complex z-plane that crosses the real
axis between —1 and 1, and nowhere else; see Figure 1.

y

FiGURE 1. Path I

Proposition 1. If a, < —n,0, < —n and 2n + oy, + B, < —1, then

(2.7) / 2P P (2)w(z; 0, Br)dz = CronOkim
r
fork=0,1,--- mand m=1,--- ,n, where
_omtan+Bnt2 pianT
(2.8) Chon = e #0,

mn B(_m_any_m_ﬁn)(2m+an +5n)
B(z,y) being the beta function, i.e., B(z,y) = T'(z)['(y)/T(z + y).
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Proof. Let I(m, k) denote the integral in (2.7). By Rodrigues’ formula, we have
Im ) = gy [ fuesm o+ g m+ 5,))d
m, k)= —— [ 2" —w(z;m+ a,,m 2.
) 2mm| r dZm ) ny n

To the last integral, we apply integration by parts m times. This gives

1 m—1 Jd] . qm—i—1 o i
Hmk) = gy DV 5 ) sl = ) o )|
j=
(_1)m/ dm k m+a m+0
-1 n 1 n .
o [ e = e e 1

As z — oo, the jth term in the sum behaves like a constant multiple of
Zhtmtantfntl Qince 2n + o, 4+ B, < —1, all terms under the summation vanish
for k=0,1,---,m. Also, d™(z*)/dz™ = 0 for k < m. Hence, I(m, k) = 0if k < m.
For k£ = m, we have by partial integration j times
(_1)m+j L(m+ B, + DI (m +a, +1)

2m Im+ B, —j+DI(m+a, +5+1)

X /(z — 1)mFonti(y 4 )M TAn=igy,
r

I(m,m) =

Choose j so that —1 < m + a,, + j < 0. The contour I' can now be deformed into
two straight lines from 1 to oo, one on the upper edge of the cut along the real
axis from 1 to oo and the other on the lower edge of the cut. The two resulting
integrals can be evaluated in terms of gamma functions. This completes the proof
of the proposition. O

Corollary 1. Under the condition of Proposition 1, we have

(29) /Pm(z)Pk(Z)w(Zyanaﬁn)dZ = Cm,nék,ma
r
fork,m=0,1,,--- ,n, where
(2.10) Con = - <2m Tant ﬁ”) Crm-
’ 2m m 5

This result follows immediately from Proposition 1, by noticing that the leading
coefficient in the Jacobi polynomial P{*’ )(z) is

(2.11) %Z(Z+Z>(nzﬁ)=%<2n+:+ﬁ);
k=0
cf. (1.1).

Remark. Corollary 1 shows that the polynomials Py (z),k =0,1,--- ,n, are orthog-
onal on the curve I' with respect to the weight function w(z; ay, 5,). However, in
general,

/ P&am,ﬁm)(Z)P]Ea’“’g"')(z)w(z; Qn, Bn)dz # 0;
r

i.e., the Jacobi polynomials P,EO"“’B"')(Z), k=0,1,2,--- ,n, are not orthogonal on '
with respect to w(z; au,, Bn).
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3. LIMIT DISTRIBUTION OF THE ZEROES

To study the zero distribution of the polynomials P, (z) = plomp ")(z), we first
note that by using the three-term recurrence relation (2.5) and the Gershgorin
theorem it can be shown that there exists a constant Ry such that all zeros of
Py(z),k = 0,1,--- ,n, lie inside the disk |z| < Rp; in particular, the zeros of
plon? )(z) are uniformly bounded. Let p, denote the zero-counting measure of
P,(la"’ﬁ")(z), i.e., for any compact subset K C C,

1
(3.1) / dy, = —{the number of zeros of P{*#n)(2) in K},
K n

where the zeros are counted with their multiplicity. In term of the Dirac delta
function, du, can be expressed as du, = (1/n)> ;_,06(z — z). Furthermore,

let p be the limit distribution of the zeros of plonh “')(z) as n — oo. The uniform
boundedness of the zeros of P\*"* ”)(z) implies that all y,, have uniformly bounded
support; consequently,

(3.2) Jr— as n — o0.

The following result gives a precise description of the measure p.

Proposition 2. The support of u is an oriented smooth curve L which is symmetric
with respect to the real axis, starts from the point s and ends at the point s, where

B2 A2+ 4i/(A-)(B-)(A+B—1)
(A+ B —2)2 ’

(3.3) s =

see Figure 2. Furthermore,

(A+ B—-2)R(2)
3.4 d =
(3.4) (z) (1)

in which R(z) = \/(z — s)(z — 5) behaves like z as z — oo and the complex z-plane
is cut along the curve L.

zel,

w2

7]

FIGURE 2. The support of pu.

The results in Proposition 2 are essentially given in [I1, Theorem 1]. However,
since not many details of proof are provided there, and since some of the formulas to



2668 R. WONG AND WENJUN ZHANG

be used in the following “sketch of proof” will become useful later in our discussion,
we decide to include an outline of the argument.

Sketch of the proof. Let z1,...,z, be all the zeros of P,E“"’ﬁ")(z) and consider the
functions

1l 1 dpin (£) _
(3.5) h"(z)nkzlz—zk/z—c’ n=1,2,3,-.
Clearly,
RN dpin () _
(3.6) _E; CEPAE /(z—C)Z’ n=1,23---.

Since the zeros of P, (z) are uniformly bounded, there exists a compact set 2 C C
containing {z : |z| > Ry + 1}, on which both h,(z) and h] (z) are analytic and
uniformly bounded for alln = 1,2,3,---. In fact, we have |h,(2)| < 1, and |h] (2)] <
1, since |z — zx| > 1,k =1,---  n, for all z € Q. Hence, by Weierstrass’s theorem,
there is a subsequence {n} such that h,,, (z) and h;, (z) converge uniformly to an
analytic function h(z) and its derivative h/(z), respectively, on the compact set €.
From (3.5) and the weak * convergence in (3.2), we expect that

(37 o) = 91,

and du(z) can be determined from h(z).
To find h(z), we first note that h,(z) = P/ (z)/nP,(z). Hence, the differential
equation (2.4) can be written as
1 1

n+a,+ 56, +1
+ nnﬁn .

(3.8)

Taking subsequence {ny} in (3.8), and letting k — oo, we obtain
(22 = 1Dh%*(2) = [A(z+ 1)+ B(z = V)] h(2) + (A+ B —1) =0
for z € €2, which in turn gives
_A(z+1)+B(z—1) - (A+ B - 2)R(2)
(3.9) h(z) = 1) : zeQ,

where R(z) is as given in the statement of the proposition. Since R(z) ~ z as
z — 00, it follows that zh(z) — 1 as z — oo, which is consistent with the fact that
zhn(z) — 1 as z — oo for all n. We also note that

2A
A+B-2’
— —2B
R(-1) = (-1 -s)(-1-35) = |1 + | = ArB_2

which imply that h(z) has removable singularities at z = +1. Since R(z) is analytic
everywhere except on the cut along L, h(z) in (3.9) can be analytically continued
to C\ L with the values at z = £1 given by
A+ B

i

R)=(1-s)(1—5 =|1—s| =

(3.10) h(+1) = +
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To determine du(¢), we apply Cauchy’s integral formula to h(z); that is, we
write

)

(3.11) h(z):%/ gh(_ozdg

where v is a clockwise oriented closed curve enclosing L but not z and +1. Taking
~ sufficiently close to L, we get

h —h_
(3.12) h(z) = zim /L %z(odg
With h(z) given in (3.9) for all z € C\L, it follows that
1 —(A+B-2)R
(3.13) W) = g [ e

where R, (¢) denotes the limiting value of R(¢) on the left-hand side of L. Com-
paring (3.13) with (3.7), it is evident that we should take
(A+B-2)R.(C)

(3.14) W)= m (el

If s =35, then A=1,5s = 28 and R, (¢) = ( — 5. Hence

BC-1)—(C+1)

omi((2—1)
Equations (3.14) and (3.15) determine the measure u, thus completing the proof.
(]

(3.15) dp(C) =

¢ € L.

Since p is to be a measure on L, we want f: du(¢) to be real or equivalently, the

function
"R (¢)
(3.16) r(z) = - 1d§
to be purely imaginary for z € L. We define L to be the curve satisfying the
equation
(3.17) |exp{r(2)}]> = 1.

In general, equation (3.17) may consist of more than one curve. We use L to denote
the one which begins at s, crosses the real axis between —1 and 1, and ends at s.

Proposition 3. The measure du(z) is a probability measure on L.

Proof. We first show that
(3.18) /L du(¢) = 1.

If s = 5, then either A =1 or B = 1. We consider only the case A = 1; the other
case is entirely similar. Since s = 5, L is a closed curve encircling 1, but not —1.

Also, we have
B+1
L | d -
s=5 1> b 1(¢)

By Cauchy’s residue theorem,

_B—l (—s _
[ aue)= 5 [ S=5ac=1

(B-1)(—5)

2mi(C2 — 1) 6.
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If s # 3, then A, B # —1. Following the argument used in (3.11)—(3.13), we have

from (3.14)
A+B=2 [ Ri(Q)
/LdN(C) o L (2— 1d<

A+B—2
27rz/(2 dc,

where ~ is the closed curve described in (3.11). It encloses L in the clockwise
direction, and not the points +1 and —1. Again by the residue theorem,

A+B-2[R1) R(-1) . R
/Ld“(o 2 [2 R _zlilﬂlozzz’—d‘

The values of R(1) and R(—1) have already been given before, and the limit in the
last equation is equal to 1 since R(z) ~ z as z — oo; see the equations following
(3.9). A simple calculation shows that (3.18) again holds.

Next, We demonstrate that as z moves from s to s along L, the value of the

integral I(z f du(¢) increases from 0 to 1. Let the parametric equation of the
arc 1ength of L be denoted by
z=2(t), t €10,1], z(0) =3, z(1) = s.

For any z = z(x) € L\{s,5},z € [0, 1], we have

I(Z):[ dp(¢) = A+B.2/O BED) vt = g(a).

2mi 22(t) — 1
Clearly, J(z) € R,J(0) =0,J(1) =1 and
A+ B—2 R(z(x))

J'(x) = ! 0 0,1).

(@) = o Sk @) 0 re(0,1)
Hence, J(z) is monotonically increasing on [0,1]; i.e., I(z) is monotonically in-
creasing as z moves from § to s along L, thus proving that du(¢) is a probability
measure. 0

So far we have not proved that L is the limit distribution curve of the zeros of
plon? )(z) We shall establish this fact later in Section 9 below. Here, let us first
consider some special cases in which the curve L given in (3.17) can be described
more precisely.

When A =1and B > 1, we have s = (B+1)/(B—1) > 1 and R(z2) = z — s.
The equation for L can be simplified to

21 s—1 s+ 1 s+1
=1
(=) ()
or, equivalently,
B
z+1 z—1

3.19 = .
( ) s+1 s—1 ‘
In this case, L is a simple closed curve enclosing z = 1 but not z = —1, passing

through z = s and a point 65 € (0,1). As B — 17, we have s — +oc and é5 — 0.
As B — 400, we have s — 1T and g — 1~. The curve L when A =1 and B = 2
and the corresponding zeros of plonh )(z) when a = 0.5 and b = 1 are shown in
Figures 3 and 4 for n = 60 and n = 100, respectively.
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When A=B>1,s=1i Vfé;l is purely imaginary, and L is the line segment on
the y-axis, starting from s and ending at s.
When B > A > 2, we have

B27A2
0<Res=——— <1
ST B2 T

and L is a smooth curve starting from s, ending at s, and passing through a point
0a,B € (0,1).
In the case when B > A and 1 < A < 2, the above equality still holds. A routine
2 2
computation also shows that Re s < 1 if B < %, Res=1if B= (A;%,

and Res > 1if B > %. Furthermore, as B — 400, we have Re s — 17T,

-0.61

Ficure 3. Curve L when A =1, B = 2 and zeros of P,(La"“ﬁ")(z)
when a = 0.5,b =1 and n = 60.

20,6 2

FIGURE 4. Curve L when A = 1, B = 2 and zeros of Prga""ﬁ")(z)
when a = 0.5,b = 1 and n = 100.
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4. AUXILIARY FUNCTIONS AND THE RIGHT PATH

A key step in using the RHP approach to analyze the asymptotic behavior of
orthogonal polynomials is to choose a right path. In Corollary 1, we have already
seen that the polynomials P,z = 0,1,--- ,n, are orthogonal with respect to the
weight function w(z; o, Br) on a quite general class of curves I' (Figure 1). Now we
will have to choose a path which is more suitable for our later use; the asymptotic
zero distribution curve L (Figure 2) will form part of our desired path I". We recall
from Proposition 3 that the integral I(z) = [ du(() is real and increases from 0 to
1 as z moves from s to s along L.

Choose a curve ¥;, which starts from §, goes to infinity in the direction of the
positive real-axis, and stays below the real line. Furthermore, on ¥; we require the
function

A+B-2 [* R
(4.1) K (2) = +2m, / CQ(_Old(, 2eC\L,

to be purely imaginary and ¢K;(z) to be positive. This is possible, since g(f)l ~ %

for ( € R and ( — 400 and hence K;(z) ~ Agfl._2 log z for z € R and z — +o0.
The last quantity is purely imaginary, and K7(S) = 0. Similarly, we can choose the

curve Yo on which

A+B-2 [* R
(4.2) Ko(z) = +2m, / CQ(_C)ldC, 2 eC\L,

is purely imaginary and ¢K(z) is positive. Xo lies in the upper half-plane, and is
symmetric to ¥; with respect to the real-axis. The desired path is I' = ¥; ULUZX,,
and we orient it in the counterclockwise direction. This path divides the complex
plane C into two regions Q4 and Q_, as shown in Figure 5.

When § = s € R,¥; and 35 are, respectively, the lower and upper edge of
the infinite interval [s,4+00). Also we point out that the path I' and the real line
R divide the complex z-plane into four disjoint regions: D; = CT N Qy, Dy =
C*NQ_,D3=C NQy and Dy = C~ NQ_; see Figure 6.

FIGURE 5. Path I' = 31 U L U X5 and regions .
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FIGURE 6. Regions Dy, Dy, D3 and Dy.

To obtain the asymptotic behavior of P,(z) = plomh ")(z), it is equivalent to
consider the monic polynomial

ml(2) = [[ (2 = 2) = 3 "B (2),
k=1

where zq,---,z, are the zeros of P,(La"’g")(z), and -y, is the leading coefficient in
plemP) () of. (2.11). Note that

71'n('z) = €exXp

Zlog(z — zk)] = exp [n/log(z —Q)dun(Q)| -

k=1
This leads us to the following definition.

Definition 1. The so-called g-function is the complex logarithmic potential of p
defined by

(4.3) o(z) = / log(z — €)du(C), 2eC\(LUSy),

where for each ¢ we view log(z — ¢) as an analytic function of z with branch cut
starting from z = ¢ to z = oo along the curve L U X (see Figure 7).
The ¢-function is defined by

(44) o) = AF f —2 / Cf(f)ldg, 2 €C\LUY, U(—00,~1] U[L,00),

where the path of integration from s to z lies wholly inside the region C\L U 3 U
(—00,1] U1, 00); see Figure 7.
Similarly, we define

(4.5) 3(z) = /L log(z — ¢)du(C), 2€C\LUT,,

and

(4.6) ¢(z) = AJ”QB_Q[ ij(_old(, z€ C\L U, U (—00,—1]U[1,0),
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FIGURE 7. The cut of log(z — () in the g-function and the integra-
tion path of ¢(z).

2

FIGURE 8. The cut of log(z — ¢) in the g-function and the integra-
tion path of ¢(z).

where for each ¢, log(z — {) is an analytic function of z with a branch cut from ¢ to
oo along the curve L UX5. The path of integration in (4.6) from § to z lies wholly
inside the region C\L U X5 U (—o0, —1] U [1, 00); see Figure 8.

From (4.3) and (4.5), it is easily seen that g(z) ~ logz and g(z) ~ logz, as
z — 00. Also, we have formally 7,,(z) ~ ™) and 7, (2) ~ €™(*), as z — oo, where
the log z in g(z) and g(z) may differ by 27i for z in certain regions of the complex
plane in view of the different cuts that have been chosen for them. Furthermore,
since [ = [7+ [, the functions ¢ and ¢ are related by

(4.7) b(2) — ¢(2) = i, 2 €0y
From the definitions of ¢ and ¢, we also have the important relationship

(4.8) () =¢(z), ze€C\['U(—o0,—1]U][l,00).
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The auxiliary functions g(z), §(z), ¢(z) and ¢(z) play an important role in the
asymptotic representation of the Jacobi polynomials Pfla“ Bn) (2). In the remaining
part of this section, we shall discuss some of their properties. For convenience, let
us fix the orientation of the real axis so that it always traverses from —oo to +oo;
that is, the + side of R lies in the upper half-plane CT, and the — side lies in the
lower half-plane C~. The point where the curve L intersects the real line R will be
denoted by L.

Proposition 4. Define the constants
(4.9a) 1:=2g(s) —[Alog(s — 1) + Blog(s + 1)],
(4.9b) [:=25(5) — [Alog(5 — 1) + Blog(5 + 1)].

The g-function (respectively, g-function) and the ¢-function (respectively, ¢-
function) are related through the equations

(4.10a) g9(2) + o(2) = % [Alog(z — 1) + Blog(z + 1) + 1],

(4.10Db) 3(z) +o(2) = % [A log(z — 1) + Blog(z + 1) + [} ,
~ov_ Ja(z), z €y,

(4.11) 9(=) = {g(z) +2mi, ze€Q_,

and

(4.12) [ =1+ 2ni,

where log(z — 1) andlog(z+1) are defined in the complex plane with cuts on [1,00)
and (—oo, —1], respectively.

Proof. On account of (4.3), (3.13) and (3.14), we have

9'(2) = /L iu(CC) = h(z), z€ C\LUY;.

From (3.9) it follows that for z € C\L U X; U (—o0, —=1] U [1, 00),
o) = 9()+ [ hC)de

FAC+1)+B(¢(—1)— (A+ B —-2)R(¢)
:g(s”/s (@2 —1)

— %[Alog(z “ 1)+ Blog(z + 1) + 1] — 6(2).

Similarly, we obtain

d¢

|

= S [Alog(z — 1) + Blog(= + 1) +1] - 6(2)

for z € C\LUX35 U (—00, —1]U[1, c0), thus proving (4.10a) and (4.10b). To demon-
strate (4.11), we note that §'(z) — ¢'(z) = 0 for z € Q4. Hence, g(z) = g(z)+
constant. The fact that the value of the constant differs for z in {2, and for z in
Q_ is because different cuts have been taken for the logarithmic function in g(z)
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and g(z). The final result (4.21) follows directly from (4.7), (4.10a), (4.10b) and
(4.11). O

By using (4.7), (4.10a) and (4.10b), we also have
Corollary 2. The g-function and the §-function have the following jump properties:

i, z €3,
20_(2) = —2¢4(2), z€L,

27'1'2'7 S 225
26_(2) = =294 (2), zel,

Alog(z — 1)+ Blog(z + 1) + 1, z€L,

(
(4.15) g1 (2) +g-(2) = Alog(z — 1) + Blog(z + 1) +1 - 2¢(2), z¢€ %y,
Alog(z— 1)+ Blog(z + 1) +1—2¢(z), z€ Xa.

(413)  gi(2)—g-(2) = {

(414) i) - g-(2) = {

Proposition 5. Let L, denote the point where the curve L intersects the real-azis.
The values of the function ¢(z) on L U3g U (—o0, —1]U[1,00) are given by

(4.16) @(z) >0, arg ¢(z) =0, z € Yo;
(4.17) o) =0, 6u(5) =Fmi,  6u(Ls) = Foi
(4.18) Re ¢4 (z) =0, arg o4 (z) = jz%r, z € L\{s,5};
(4.19)
Re ¢(2) <0,  Im¢(z) = —g, T <argd(z) < %ﬂ z € (=1, Ly);
B
(4.20) — 00 < Re ¢(2) < o0, Im ¢4 (z) = 5 17r,
0 <argoy(z) <m, z € (—o0, —1];
(4.21)
Reg(z) <0, Img(z)=3, —o <agé(z)<-m  z¢€ (L L)
- A
(4.22) — 00 < Re ¢(z) < o0, Im ¢ (2) = L 5
—7m <argdy(z) <0, z € [1, 00).

Proof. By the way Yo was chosen, it is obvious that ¢(z) is positive on 3 and
(4.16) holds. Let Us = {z € C : |z — s| < ¢} be a circular neighborhood of s.
Clearly, ¢(z) can be expressed as

AL B—9 [%(C—3s)/2(¢—35)1/2
o = AL / (¢ s)<2 £C1 e
(4.23) A+ B2 - i 2(2ilm s)2
:f(z—s) ];)Ck(Z—S), Co:m#o’

where (z — 5)3/2 is analytic in C cut along the curve L U %;. Since

o+(z) = :l:m'/ du(Q), z€ L,
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¢+ (2) is purely imaginary. In view of (4.23), ¢+(z) also have, respectively, the
arguments +37 on L. The results in (4.17) and (4.18) now follow immediately.
To prove (4.19) and (4.20), we first note that for any z; € (-1, L;), we have

A+B-2 [« R
04 (Ly) = by(m) = = / 2D e,

The denominator under the integral sign is negative. Since

arg R(x) = %[arg(:c —s) +arg(x — 3)] =,

the numerator R(z) is also negative. Hence, the right-hand side of the above
equation is real and positive. In view of (4.18), Re ¢(x1) is negative and Im ¢(x1) =
—7. Furthermore, for any 1,23 € (—oo, —1], we have

A+B-2 [ R(x)
2 2 —1

By a similar argument as above, the right-hand side is real and negative; hence, Im
¢4 (x) = constant. To find the constant, we let C. denote the half circle

C’E:z+1:sei0, 0<o<m.
From (4.24), it follows that

A+ B-— R
p4(—1—¢)= +2 Q/CCQ(E)ldC‘FQer(—l‘FE)'

(4.24) b1 (22) — 6 () = d.

x1

Thus, for any x € (—o00, —1), we have
Im ¢ (z) = Im ¢4 (—1 —¢)

=1Im [limA+B_2/ f(c) dC} +11m1m¢+( 1+¢)
e—0 C.

2 42 —1
71' {A +B— 2 , ]
=——+Im
2
cf. the equation preceding (3.10). The proofs of (4.21) and (4 22) are similar, and
hence will not be given. O

A geometrical interpretation of the above result is stated in the following corol-
lary.

Corollary 3. Let D; be the shaded region depicted in Figure 9, and let Do denote
the region Ct\D1; c¢f. Figure 6. The function ¢ maps D1 and Do onto the regions
(4.25)

{Z:O<Imz<?ﬁ, RezEO}U{z:—g< Imz<$ﬁ,Rez<O},
and

(4.26) {z:12A<Imz<O,Rez>0}U{z.12A<Imz<Rez<0}
respectively. Therefore,

3
0 <argo(z) < 3™ z € Dy,

3
—§7T<argq§(z) <0, z € Ds.
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y
%1/// % /¢((—oc,—1)) Imw=E’T_1
2 7
B ° * 102%)
’ g O(LNC*)
(-1, Lx)) Imw=—%

FIGURE 9. The image of D under ¢(z).

_ In view of the conjugate symmetry of #(z) and ¢(z), we also have properties for
¢(z) which correspond to those stated in Proposition 5 and Corollary 3. Moreover,
a combination of (4.7), (4.8), (4.20) and (4.22) gives the following result.

Corollary 4. The function ¢(z) and ¢~)(z) satisfy the following relations on R:
)= d(z)=mi,  se(-LL); @) —() = —mi,  2€(La1);
61(2) = b (=) = (B — )i, = € (—o0, 1)
b () = 61(s) = (A— )i, 2 € (1,00).

5. FIRST RIEMANN-HILBERT PROBLEM

With the above preparatory material, we are now ready to construct a 2-dimen-
sional Riemann-Hilbert problem whose matrix solution has the Jacobi polynomial
plon? ")(z) in one of its entries. Let the integer n be large but not fixed. For
convenience, we shall consider only a special case of (1.2); namely, a,, = —nA and
Bn = —nB, with B > A > 1 so that a,, < —n, 3, < —n and 2n + ay, + B, < —1.
The general case can be treated through a limiting process. Let 7 (2) = 28+ -+ be
the monic polynomials of P (z),k = 0,1,---,n; they are orthogonal with respect
to the weight function w(z) = w(z; an, Bn) = (2 — 1)7"4(z +1)~"8 on the curve
I' = LUX; U3y; see Figure 5. Our first Riemann-Hilbert problem (RHP) is to find
a 2 x 2 matrix-valued function Y (z) : C\I' — C2*2 satisfying

(Y,) Y (2) is analytic in C\T,

(Yp) for z €T,

(5.1) Yi(2) = Y. (2) ( (1) w(lz) ) ,

(Y,) as z — o0,

Y(z)<I+O<i)>(Zg 2 ) zeC\T.

Theorem 1. The unique solution to the above RHP forY is given by

(5.2) Y(2)= ( ) mn(2); Olmn] (2) ) 2 €C\,

n—l’frn—l(z); dn—lc [Wn—lw} (Z)
where

1
s == |

211

1
/F wi_1<<)w<<;an,ﬁn>dc]
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is a monzero constant, and

el =5 [ 2 ©) g4, zeC\T,

727772 FC_Z

is the Cauchy transform of f.

Proof. The proof is rather routine, and we give only a brief version of it. For details,
see [9] or [10].

Y (z) obviously satisfies the condition in (V). The jump condition (5.1) is veri-
fied by using the Plemelj formula. Let y;;(2),4,j = 1,2, denote the entries in Y(z).
Clearly, y11(z) and ya1 (%) satisfy the condition in (). To show that the other two
entries also satisfy this condition, we expend the kernel %Z in the Cauchy trans-
form into a geometric series with remainder, and apply the orthogonality property
established in Proposition 1. Thus,

1 Wn(()""’((? O, ﬂn)

y2(2) = 5 g c - dg
_ b1 . &
T oniam - Wn(C)‘”(Q O, /Bn)c — Zd<
= O(ﬁ), as z — oo in C\T',

and

yoa(s) = dnl/rﬂnl(C)uJ(C;an,ﬁn)dC

2mi (—=z

o dn—l 1 n—1 . 1

= — o Z_n Fﬂ'nfl(C)C W(Caanaﬁn)dc+0 (Z”+1)
1 1 .

— z_”—’_O(W)’ as z — oo in C\I'.

To prove that Y (z) given in (5.2) is the unique solution, we consider the scalar
function det Y (z). Clearly, it is analytic in C\I'. Since the determinant of the jump
matrix in (5.1) is equal to 1, we have (det Y ), (z) = (detY)_(2) for z € T'. Hence,
det Y(2) is an entire function. Condition (Y;) implies that det Y (z) is bounded
and det Y(z) — 1 as z — oco. By Liouville theorem, det Y (z) = 1; i.e., the matrix
Y (z) is invertible. Suppose that the RHP for Y has another solution, say Y (z).
Then, the matrix G(z) = Y ~1(2)Y (2) satisfies the following conditions:

(Go) G(z) is analytic in C\T,

(Gy) G4(2) =G_(z) for z €T,

(Ge) G(2) =I+0 (%) as z — oo in C\I.

These three conditions together imply that all entries of G(z) are entire functions,
and G(z) — I as z — oo. Thus, G(z) = I or, equivalently, Y (2) = Y (). O

6. NORMALIZATION AND CONTOUR DEFORMATION

One of the first steps in the Riemann-Hilbert method is to transform condition
(Y,) into a standard form. To do this, we introduce the matrix

(6.1) U(z) = ef%7”"3Y(z)efn(g(z)*%l)"ﬁ}7
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where o3 is the Pauli matrix 0 ), g(z) is the g-function defined in (4.3) and

0 -1
[ is the constant given in (4.9a). Since g(z) ~logz as z — oo, it is readily verified
that U(z) is the unique solution to the following RHP:

(U,) U(2) is analytic in C\T,

(Up) for z €T,

(62)  Us(z) =

=3+ (2)=9-(2)  qp(z)enlor(2)+a—()-1)
U_
(2) 0 o9+ (2)=g- (=) ’

(U.) as z — o0,
U(Z)I+O<i> for z € C\I.

On account of (4.11) and (4.13)—(4.15), the jump matrix in (6.2) has different
representations on L, Y1 and Y. Indeed, we have

e2nd+ (2) 1
. =U_ L
63 n@=v-@ 0 L) sel

1 e—2nd(2)
(6.4) Ui(z) =U_(2) ( ) , z € ¥y,

0 1
and
1 e 2n¢(2)
(6.5) Up(z) =U_(2) 0 . , z € Yo,

where ¢ and ¢ are the auxiliary functions defined in (4.4) and (4.6).

Since ¢4 (z) are purely imaginary on L (see (4.18)), the diagonal entries of the
jump matrix in (6.3) are rapidly oscillatory as n — oo. Furthermore, since ¢(z) is
positive on ¥y and ¢(z) is positive in 3 (cf. (4.16)), the jump matrices in (6.4)
and (6.5) are exponentially decaying to the identity matrix as n — oo. To the jump
matrix in (6.3), we do the factorization

(6.6)

e2né+(2) 1 1 0 0 1 1 0
0 e2no(2) |\ e2me-(2) q 1 0 e2nbi(2) 1 |7

where use has been made of (4.13). The first and third matrices on the right-hand

1 0

side have the analytic continuation on two sides of L.
62n¢(z) 1

To find the behavior of U(z) as n — oo, we recall the properties of ¢ in Propo-
sition 5 and Corollary 3 in Section 4. As z moves from the + side of X5 to the
+ side of L,arg¢(z) increases from 0 to 37/2. Hence, near the left side of L, we
have 7/2 < arg¢(z) < 37/2, i.e., Re ¢(z) < 0; see (4.26). Similarly, as z moves
from the — side of X3 to the — side of L,arg ¢(z) decreases from 0 to —37/2. So
near the right side of L, we have —37/2 < arg ¢(z) < —n /2, which again means Re
¢(z) < 0; see (4.27) and Figure 9. Therefore, we can choose two curves Y3 and 4
joining s and §, contained in 2, and €)_, respectively, such that

(6.7) Re ¢(2) <0, z € X3 UX4\{s,5};
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y

F1GURE 10. Curves ¥; and Y5 and regions ;,i =1,--- 4.

see Figure 10. By conjugate symmetry, we also have

Re ¢(z) < 0, z € X3 UX4\{s,5}.

Let X =T UX3UX4s=LUX;U---UXy4. This curve divides the complex plane
C into four disjoint regions ;,7 =1, -- ,4; see Figure 10.
Furthermore, we have

(6.8) Re ¢(z) < 0, Re ¢(z) < 0, z€ Qo U3,

Now we define the second transformation U — T by

U(z), z € Q1 Uy,
1 0
U(z) , 2z € Qo
(6.9) T(z) = —e2ne(z) 1
1 0
, z € Q3.
() Q2n6(=) 1 ?

From the RHP for U(z) and the factorization in (6.6), one can show by a straight-
forward calculation that T'(z) is the unique solution of the following RHP:
(Ty) T(#) is analytic in C\X,
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(Tp) for z € X, we have

0 1

(6.10) T (2) = T_(2) ( S ) 2 € I\{s,5,
1 0

(6.11) T, (2)=T_-(2) ( 2n6z) 1 > , z € X3UXy,
1 e—2nd(2)

(6.12) T (z2) =T-(2) < ) , z € ¥,
0 1
1 e 2n¢(2)

(6.13) T (2)=T-(2) < 0 . ) , z € X,

(Te) for z ¢ ¥ U (—o0,—1] U1, 00),
T(z)IJrO(i) as z — 00.

The advantage of T'(z) over U(z) is that for z in ¥; U---UX, but z ¢ {s, 5}, the
jump matrices all decay exponentially to the identity matrix. This suggests that
the leading-order term in the asymptotic expansion of T'(z) may be the solution
N(z) to the RHP:

(Ng) N(z) is analytic in C\L,

(Np) for z € L\{s, 5},

(6.14) Ni(s) = N_(2) ( ool ) ,
(N.) as z — o0,

N(z)=1+o<1).

z

This is a standard problem, and can be solved explicitly; see [3, p. 1520].
Its solution is given by

1 a(z) +a(z)™! ila(z)™' —a(z
(6.15) Ny = L (2) +a(2) (a(z) (2)) ’
2\ i(a(z) —a(x)™)  a(z) +a(z)"
where
6.16 a(z) =
(6.16) &= o
with a branch cut along the curve L and a(z) — 1 as z — oco. The matrix N(z)
can also be expressed in terms of the function R(z) = /(2 — s)(z — §) mentioned
in Proposition 2. Indeed, since
1 1
R'(z) = 3 [a(z) + a(z)*l]2 —1= 3 [a(z) — a(z)*l]2 +1,

we have

1 14+ R'(z) —+v/1—R/'(z
(6.17) N(z)=— v =) v ) .

V2\ VI-R(z) V1+R()
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Note that
det N(z) =
Hence it follows
a(z)+a(z)"t  di(a(z) —a(z)7?!
N = % <i(a((z))_1 —( ;(z)) (a((z))—l— ot((z))_1 )> '
It is also worth-while to point out that N(z) and N(z)~! have the following fac-

(6.18)

torizations:

1 -1 1 2
et ()

(6.19)
1/1 -1 (1
:2<i z‘)a(z) (1 z)
1 -1 1 2
i e ()

(6.20)

Il
N =
N
<.

-1 ) 1 —i

a(z)™ ,
1 -1 —1
where o3 is the Pauli matrix used in (6.1).

7. CONSTRUCTION OF PARAMETRIX

In §6, we have indicated that a reasonable asymptotic approximation to T'(z) is
given by the matrix N(z). From this, one can work backwards to get (heuristically)
the asymptotic formula

Y(Z) N e%nlorg,‘]\f(z)en(g(z)f%l)(fg,7
which by (6.19) can be written as

) 1 -1
Y (z) mednios | ( o )a(z)ffs

2\ —i —i
1 4 1
x ¢ 9()73 gn(9(2)+6(2)—31) s
-1 1
or, equivalently,
1 1 -1 —o
Y (z) ~oe2mos [a(2)] ™
2 -1 —1

e 9 jend(2)
X
767’”(;5(2) Z€n¢(z)

(7.1)
) (a2 +65)- Hi)os,

To find a parametrix for the RHP of Y, we first look for a matrix which is asymptotic
to

7.2 .
(7.2) Cend(z)  jene(2)
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The entries in this matrix suggest that we should try a matrix whose elements are
the Airy function Ai(§) and its derivative Ai’(£), where %53/2 = n¢(z). Indeed,
from (4.26) and (4.27), we have

3
2
Since arg ¢(z) = 0 for z € X3 and arg ¢+ (z) = Fix for z € L\{s, 5}, the function

3
57 <argP(z) < —m.

3

(73) €= 1) = | 310(0)

is well-defined and analytic in CT with a branch cut along the curve L. In (7.3),
we take the branch so that f(z) > 0 for z € 35. Furthermore, Corollary 3 gives
O<arg f(z) <m for z € Dy.
As long as z # s, we have £ = f(z2) — o0 as n — oo; cf. (7.3). From the
well-known asymptotic behavior of the Airy function [12] p. 392], we have
1 1
Ai(§) ~ ﬁ(f(z))jefw(z),

b

2T

Let w = €2™/3. Then, we also have

AV'(€) ~ (f(z))ie o),

i /6 L
Ai(w?€) = Ai(w™'E) ~ Zﬁ (f(z) Hem®,
e—im/6 L

3 ().

The last four asymptotic formulas show that the matrix in (7.2) is the leading-
order term in the asymptotic expansion of the matrix

, (Ai(f) —w2Ai(w2£)>

Ai (W) = AT (w™1) ~ —

(7.4) 2/l AT(€)  —wAi'(w?€)

for z € D;. Similarly, Corollary 3 implies
—m < arg¢(z) <0 for z € Ds.

So, for z # §, the matrix in (7.2) is the leading-order term in the asymptotic
expansion of the matrix

1 Ai wAi(w

for z € Do, where ¢ is again given by (7.3).
In the~lower half-plane C~, there is a result corresponding to (7.1); it involves
g, ¢ and [. Indeed, we have
1 - 1 -1
Yw~f%m<_‘>wm“
2 i
(7.6) . .
e~ no(z)  _jene(2)
X

_end(z)  _jend(2)

) (3]s
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for z € C~. Let
(7.7) éf@)[nw@r, cec

where we again take the branch cut along the curve L and choose f (z) > 0 for
z € X1. As before, it can be shown that the matrix in (7.6) is the leading term in
the asymptotic expansion of the matrices

- Ai(€) —wAi(wé)
7.8 2v/w[(f(z)]x7 .
(78 VA7) &M)M%MJ

for z € D3, and

(7.9) 2/l

, (Ai(é) wQAi(w2€)>
AT(E)  wAY (w2)

for z € Dy, where D3 and D4 are complex conjugate regions of Dy and D, respec-
tively. Define the matrix

the matrix in (7.4), z € Dy,
(7.10) Pz) = the matr?x %n (7.5), z € Do,
the matrix in (7.8), z € D3,
the matrix in (7.9), z € Dy.

It is easily verified that P(z) is conjugate symmetric in C\R. Using the well-known
formulas

Ai(€) + wAiI(WwE) + wAi(w?€) =0
and
AT (&) + WA (w€) + wAT (W) = 0,

it can also be shown that P(z) satisfies the jump condition

11
(7.11) P,(z) = P_(2) ( 01 ) ) zel.
The heuristic argument given thus far suggests that the matrix Y. (z) defined by
1 -1 i

Ya(2) =/remos S

(7.12) —i —i) | a(2)
) p(z)en(g(Z)Jr(b(Z)f%l)as’ z € CH\TL,

and

7

Ya(z) =y/meinion (1 _21> [a(z)f(z)%rs

. P(2)enGEH()3Dos 2 €C\T,

(7.13)

is indeed a reasonable parametrix for RHP of Y(z).
To establish the above claim rigorously, we need to prove that (i) Yi(z) satisfies
the jump condition (Y3) in (5.1), and (ii) Yi(z) has the same behavior as Y (z) given



2686 R. WONG AND WENJUN ZHANG

in (Y;) as z — oo. Note that Y. (z) is not analytic on R. Thus, we also have to
show that the jump matrix

(7.14) J(z) =Y. (2)[Ye, ()], r €R,

is asymptotically equal to the identity matrix I. To this end, we introduce the

notation
E(z) :=/mermlos (1_ _1> [f(z)ﬂ : 2 e CHh\I,

-1 —i a(z)
Q(2) := P(z)e"@6()=300s z € CM\IT,
1 S 1
B(z) i=y/mednios ) D47, zechr,
= P(z)en@(=)+d()- 300 zeCM\T,
so that
_[BEGQe), z€CH\IL,
(7.15 V() = {m@(z), zeC\I.

From (4.10) and (2.2), one easily sees that e"(9(=)+¢()=3) — (n(a(x)+(=)=3D) —
w(z; 0, Bn) "% = w(z)~ /2. Hence, from (7.11), it follows that

(7.16) Qi(z) = Q_(2) ( (1) “’f) ) , zectnr,
~ ~ 1 w(z) B
(7.17) Qi(z2) = Q-(2) 0 1 , zeC NnT.

On the other hand, we know from (4.23), (6.16 ) and (7.1) that f(2)7 /a(z) is
analytic on I' N C*. By the same argument, f(z)7a(z) is analytic on TNC~. A
combination of (7.15), (7.16) and (7.17) gives

1 w(z
(7.18) Y., (2) =Y. (2) ( 0 (1 ) > ) ze\{L,}.

To show that Y, (z) has the same behavior as Y (z) as z — oo, we consider only

the case z € D;. The other cases can be dealt with in a similar manner. From
(7.12) and (7.10), we have

Ya(2) =y/mebnios ( ! 1) lf(z)j‘”
* -t —i a(z)

o (Al (5) *wz Al(w2€)> en(g(z)+¢(2)—*l)03
Ai/(g) —wAi/(w2§)
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Recall that the matrix in (7.2) is the leading term in the asymptotic expansion of
the above matrix; see (7.4). Hence

1/1 -1
Ya(2) ~etrions [a(=))~"
2\—i —i
67n¢(z) Z€n¢(z)
X

(9(2)+6(2)~$1)as
_emnb()  jendl(2)

Upon simplification, we further obtain from (6.19),

Y*(Z) Ne%nldgl -l a(z)‘” b en(g(z)—%l)a-g
2\—i —i -1 1

_ e%nlag N(Z>en(g(z)—%l)03 )

Since g(z) ~ log z as z — o0, the behavior of N(z) implies

o ve=[reo(D]een <o) (0 1)

see (IN.).
Finally, we come to the estimation of the jump matrix J(z) in (7.14). We first
note that from (7.10) and (7.4), we have

det P(2) = w(w — 1)Ai(&) AT’ (w?¢).

Since Ai(¢) and —w?Ai(w?¢) are two linearly independent solutions of the Airy
equation, the determinant of the matrix in (7.4) is essentially the Wronskian of
these two solutions. From a formula of the Wronskian, it follows that

det P(2) = w(w — 1)Ai(0)Ai'(0) = QL zeCt;
7T

cf. [12 p. 142 and p. 392]. Therefore,

(7.20) P7Y(z) = —2nmi <_WA1_/,(W2€) wQA?(w%)) , 2Dy,
—Ai'(§) Ai(¢)

and

(7.21) P7l(z) = —2mi (WQA{.(M%) _wéi(w@) 2 € Ds.
—Ai'(¢) Ai(§)

For 2 € (L, 00), we have from (7.14), (7.13) and (7.12)

(1 41 3 ~ ) ]
I(w) = einio ( . ) (a@)]- (@) 1170 P- ()35 ()30
(3 (3
(7.22) .
117 1 i
.efn(g+(w)+¢+(w)f%l)ogp+(x)fl f,($)4 1 efénlog'
a(x) 2\ -1

(Note: g(z) actually has no cut on R*, and the cut of f is along the curve T.)
In (7.21), we replace the Airy functions in the matrices P_(z) and Py (x)~! by the
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leading terms in their asymptotic expansions; see the connection between (7.6) and
(7.9). On account of (6.19) and (6.20), we obtain

J(ZIJ) ~ e%nfagN(x)en(g_(at)—%[)age—n(g+(m)—%l)o3N( ) 1e—§nla'3.

The right-hand side is exactly the identity matrix, thus proving that for = €
(Ly,00),J(x) ~ I as n — oo.
The case for x € (—o0, L,,) can be handled in a similar manner.

8. UNIFORM ASYMPTOTIC EXPANSIONS

Since Y (z) and Y. (z) have the same jump matrix on I, the matrix
(8.1) S(z) =Y(2)Ya(2) 1, z€ C\RUT,
satisfies the relation

S1(2) = 5-(2), z €Ty
that is, S(z) is analytic in C*. Furthermore, it is easily verified that S(z) is a
solution of the RHP:

(S4) S(z) is analytic in C\R,

(Sp) for z € R,

S. () = S_(2)J(x),
where J(x) is the jump matrix defined in (7.14),
(S.) as z — o0,

S(z)]+0<§), z ¢ R.

We shall show that S(z) has an asymptotic expansion of the form

(8.2) S(z)~1+i52§f), zeCt,

as n — oo, where the coefficients S (z) are analytic functions in C\R. The desired
expansion for the monic Jacobi polynomial 7, (z) can then be obtained from (8.1),
since it is in the (1,1) entry of the matrix Y (z); see (5.2). To achieve this, we first
need to derive an expansion for the jump matrix J(z).

For x € (L, 00), we have from the well-known results of the Airy function

(83)  Ai(f(@) ~ %(h(x))’%e’"“’“x) SO (1) sk(nes (@),
k=0
B30)  AV(@) ~ — g (el he ”Z Vot (o ()",
—z7r/6 L
830 Ailwfi(o) ~ G <>>—Ze"¢+<x>gsk (nés (@)™,
eiﬂ/G 1 > _
B30 AVfi(@) ~ ~G (@) e O S b (o (@)
k=0

where w = €2™/3, . (x) and ¢ (z) are related by (7.3), and the coefficients s;, and
ty are explicitly given with so =ty = 1. Correspondmg results can be given for

Ai(f-(2)), AT (f-(2)), Ai(w? [-(2)) and AV (& (2)).
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The asymptotic expansions of the matrices P_(z) and P, (z)~! can then be
obtained by replacing the Airy functions by their asymptotic expansions in the
matrices in (7.10) and (7.20). Insert the resulting expansions in (7.21), and simplify
the expression. This leads to the result

(8.4) J(@) ~ I+ i ijf) ,
where -
(8.5) Jix) = O (m) —0 <(10g1$)2> , 7 oo,
and
(8.6) Jp(x):O((log%)IJ, =230 2 — o0,
For convenience, we put J*(z) := J(z) — I so that
(8.7) J*(2) ~ i J’;(,f).
Coupling (S5) and (8.4), we have B
(88) Si(z) = S_ (@)l +J*(2)] = S_(x) [I Lo <i>} , 2 € (La, +00).

In a similar manner, we can show that (8.8) also holds for x € (—o0, L,). Thus, we
have established the equation

(8.9) (S4(z) = 1) = (S-(x) = I) = S—(2)J" (@), z €R,

where the coefficients Ji(z) in the expansion (8.7) are O(1/(log|x|)?) as |z| — oo.

By (S¢), S+ (z) = I+ 0O(1/|z|) as |z| — oco. From (8.9) and the Plemelj formula,
it follows that

1 [ S_(x)J*(x)

1 —I=— D R.
(8.10) S(z) Srl A — dz, z € C\
Inserting (8.7) into (8.10) and carrying out integration termwise, we obtain (8.2),
i.e.,

(8.11) S(Z)NHiS’“(?) :isk 2)

where we have put Sp(z) := I. The coefficients S (z) can be determined recursively.
Indeed, from (8.11), we have

(8.12) S_(z) ~ > (Sk)-(2) =, z €R.
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A comparison of the expansions in (8.11) and (8.13) yields the recursion formula

= - 5
21 J_ T —z

o [ &
(8.14)  Su(z) 1/ > (S)- (@) (a) de k=12,

In particular, we have So(z2) = I,

S1(z) = 2%” /_OO Zlixzdx,
520 = 0z [ S0 ) a) + ) 2

Theorem 2. Let the element in the ith row and jth column of the matriz Si(z)

be denoted by sgc)(z) Then, under the assumptions imposed on the parameters o,
and B, at the beginning of Section 5, we have

7a(2) /T exp {—%[an log( — 1) + Ba log(z + 1) — nu}

z 1/4 el Sgﬁ) z 7i€7n18(k) 2
(8.15) ’{fi()z) Ai(f(z))[1+z () . 12 ( )]
k=1
a(z) 2 s () +ie s (2)
— a1+
f)Y [ kz::l nk }}

asn — oco. This expansion holds uniformly for z in the closed upper half-plane C+;
in particular, for z € T NC*F.

With [ and f(z) replaced by | and f(z), expansion (8.15) also holds uniformly in
the lower half-plane C—.

Proof. We consider only the case when z lies in the upper half-plane. The proof in
the other case is very similar.

Let y;;(2) and y.,, (2) denote, respectively, the elements in Y'(z) and Y (z). Since
Y (z) = S(2)Yi(2), it follows from (5.2) that
(816) 7Tn(z) = yll(z) = Sll(z)y*u(z) + 812(Z)y*21 (Z)

From (8.11), we also have

o 1 (2)
s11(z) ~ 1+ Z ok
k=1

= st (2)
s12(2) ~ Z Y

k=1

To find y.,, (2) and y.,, (), we return to the matrix Y,(z) given in (7.12). By the
definition in (7.10), the matrix P(z) in (7.12) is given by either the one in (7.4) or
the one in (7.5) according as z € Dy or z € Dy. In both cases, the entries in the
first column of P(z) are the same. If p;;(z) denotes the entry in the (7, j)-position
of P(z), then we have p11(2) = Ai(f(2)) and pa1(2) = Ai'(f(2)). A straightforward
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calculation now gives

z)1/4 a(z
yu(z)ﬁ{ﬂ) Ai(f(2)) — o) Ai’(f(z))]enw(z)w(z)),

a(z) f(z)1/4
) f(Z)1/4 : a’(z) : n(g(z)+¢(z)—1
ya(2) = @\/%{ () MU + AT () e 0+,
The desired result follows, upon inserting the last four equations into (8.16). O

9. ASYMPTOTICS FOR THE ZEROS

In Proposition 2, we have proved that L is the support of p, which is the weak-%
limit of the zero-counting measure u, of P,S“”ﬂ ")(z). This is a rather abstract

statement; it does not clearly say that all zeros of PT(LO‘"’B") (z) tend to L as n — 0.

(See a remark following the proof of Proposition 3.) The latter more concrete
statement is the content of our next theorem.

Theorem 3. Assume that the conditions on the parameters o, and [3, imposed at
the beginning of Section 5 again hold.

(i) All zeros of P,(La"’ﬁ”)(z) tend to L as n — oo; that is, for any small neigh-
borhood U(L) of L, there exists an integer ng such that for n > ng, all zeros of

Pr(La"’B")(z) are in U(L).
(i1) All zeros of PT(La"’ﬁ")(z) are on the — side of L; i.e., there exists an integer

ng such that for all n > ngy, no zeros of Péa"’ﬁ")(z) are on the + side of L away
from the endpoints s and s.

Proof. (i) From Theorem 2, we have

7 (2) :\/Eexp{g [Alog(z — 1) + Blog(z + 1) + l]}

(9.1) x {J;((ZZ);‘ Ai(f(2)) {1 +0 <%)}

_ f?;;l)MAi’(f(z)) {1 +0 (i)] }

On account of (4.10a), the quantity inside the exponential equation is equal to
g(z) + ¢(z). For z € D1\U(L), the asymptotic behavior of Ai(f(z)) and Ai'(f(z))
are given by the two asymptotic formulas following equation (7.3). Inserting these
two formulas into (9.1), we obtain upon simplification

Tn(2) = eng(z)a(z)%a(z)_l {1 +0 GH .

n

For large m, the right-hand side of this equation clearly does not vanish, thus
proving that P,(La"’ﬁ")(z) has no zero in D;\U(L). A similar argument shows
that Pi" ’6“)(2) also has no zero in D,\U(L),i = 2,3,4. Therefore, all zeros of
PP (2) lie in U(L).

(ii) For z near L and on the + side of L, but away from the end-points s and s,
we have

2w 3 g
3 < arg f(z) = arg (§n¢(z)> <



2692 R. WONG AND WENJUN ZHANG

Y

wn

vl

Ficure 11. Region D.

cf. Propositions 5 and 6. For f(z) in this sector, the well-known asymptotic results
of the Airy function give

() = =1 [ o (1)

A1) = =t [~ o ()]

see Olver [12] p. 118] or Wong [I5] p. 94]. Substituting these into (9.1), we get
-1
T(2) = eng(Z){M [1 +0 (l)]
2 n

S0 o1 0(1)] o 1))

Since z is away from s and 3, the function a(z) is non-vanishing and bounded.
Hence, equation (9.2) can be simplified to

) = 0[S0 )6 sy o (1]

2 2

In terms of the function R(z), the last equation can be written as

(9.2)

1+ R/(2) 1— R/(2) 1
—eng(z) [TV Ty [ TP AR 2né(2) ~-
(9.3) m(z) =€ 5 1 1 +R’(z)e +0 I
see (6.15) and (6.17).
We now prove that
1-R —

where D is the region bounded by L and the line segment [ joining the end-points
of L; see Figure 11. Note that R'(z) — 1 as z — oo. Hence, (9.4) holds for
all sufficiently large z. Since the quotient in (9.4) is analytic away from L, it is
continuous in C\ L. Thus, it suffices to prove that

(9.5) ‘ L - B(z)

1+ R(2) =1 if and only if z € I.
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Simple calculation shows that equality in (9.5) holds if and only if Re R'(z) = 0,
which is equivalent to R'(2)? < 0. Also, we have
(z — Re s)?
(z—Re s)?+ (Im 5)?

If z € I, then it is obvious from (9.6) that R’(z)?> < 0. On the other hand, if
R'(2)? <0, then one has from (9.6)

(z—Res)?<0 and (z — Re 5)* 4 (Im 2)? > 0,

(9.6) R (2)* =

which in turn implies
z — Re s = 1y, —-Ims<y<Ims,

i.e., z € I. This establishes (9.5), and hence (9.6). B
Now, if z lies on the + side of L and is away from s and §, then z ¢ D and the
inequality in (9.4) holds. Furthermore, since Re ¢(z) < 0 by (6.8), we in fact have
1—-R/(2)
1+ R'(2)
From (9.4), it follows that 7, (2) # 0, thus completing the proof. O

2n¢(z) <1.
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